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Abstract
A non-crossing tree is a tree drawn on the plane having as vertices a set of points on the
boundary of a circle, and whose edges are straight line segments and do not cross. Continuing
previous research on non-crossing trees, we study several new statistics: number of end-points and
boundary edges, number of vertices of a given degree, maximum degree, height, and path-length.
In some cases, we obtain closed formulae while in others we deduce asymptotic estimates. Our
approach is based on generating functions and on several bijections between NC-trees and various
other combinatorial objects. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction and preliminaries
A non-crossing tree (NC-tree for short) is a tree drawn on the plane having as
vertices a set of points on the boundary of a circle, and whose edges are straight line
segments and do not cross. The points are labeled counter-clockwise from 1 to n, so
that two NC-trees are considered di8erent even if they di8er only by a rotation and=or
a re9ection. We consider NC-trees as rooted at vertex 1: the outdegree of a vertex is
the number of descendants, and leaves are vertices with outdegree zero. The degree
of a vertex is the number of edges incident with it (that is, the degree in the graph
theory sense). An end-point is a vertex of degree 1.
The size of a NC-tree is de<ned as the number of vertices. With this de<nition the
number of NC-trees of size n is known to be equal to ( 3n−3n−1 )=(2n− 1) [3,7]. Several
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Fig. 1. A non-crossing tree.
parameters of NC-trees have been studied previously. Noy [7] computed the number
of NC-trees of size n in which the degree of the root is equal to k. Flajolet and Noy
[3] determined the number of NC-trees with a given number of leaves, as well as the
number of NC-trees with a given degree partition.
In this paper, we analyze some new statistics on NC-trees: number of end-points
and boundary edges, number of vertices of degree d, maximum degree, height and
path-length. In some cases we obtain closed formulae while in others we deduce
asymptotic estimates. Our approach is based on generating functions (GF for short)
and on several bijections between NC-trees and various other combinatorial
objects.
We recall from [3] the basic decomposition for analyzing (rooted) NC-trees: a NC-
tree consists of a root attached to a sequence of butter9ies, where a butter5y is a pair
of NC-trees with a common root. For instance, in Fig. 1 there are three butter9ies,
rooted at x; y and z. Observe that the left wing of the butter9y at y is reduced to a
point.
2. End-points and boundary edges
An end-point in a NC-tree is a vertex of degree 1. Our goal is to determine the
number En; k of NC-trees of size n having exactly k end-points. The decomposition of
NC-trees into butter9ies was used in [3] to show that the bivariate generating functions
T (u; z) of rooted NC-trees and B(u; z) of butter9ies, where z marks vertices and u marks
leaves, satisfy the equations:
T (u; z) =
z
1− B(u; z) ;
B(u; z) = T (u; z)2=z − z + uz:
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The <rst equation corresponds to the fact that an NC-tree consists of a sequence of
butter9ies attached to a root. The division by z in the second equation is due to the fact
that we identify two root vertices to form a butter9y. The terms −z and +uz re9ect
the fact that we have a leaf when the two wings of a butter9y are empty. Eliminating
B one obtains
T 3 + (z2u− z2 − z)T + z2 = 0: (1)
Clearly a NC-tree with k end-points is either a NC-tree with k leaves in which the
root has outdegree greater than one, or a NC-tree with k − 1 leaves in which the root
has outdegree one. This yields
E(u; z)=T (u; z)− T (u; z)2 + uT (u; z)2; (2)
where E(u; z) is the corresponding GF with u marking end-points. The last two terms
mean that when the root has outdegree one, it is marked as an end-point; the T 2 term
corresponds to the fact that in this case there is only one butter9y, consisting of two
NC-trees.
In order to <nd a closed formula for En; k , set T = z(1+Y ) in (1) to get the equation
Y = z(1 + Y )(u+ 2Y + Y 2):
This equation is of the Lagrange form. After performing Lagrange inversion, we get
from (2) the following result (we omit the details of the computation):
Theorem 1. The number of NC-trees with n vertices and k end-points is equal to
En; k =Tn; k + Un; k−1 − Un; k ;
where
Tn; k = [ukzn]T (u; z)=
1
n− 1
(
n− 1
k
) k−1∑
j=0
(
n− 1
j
)(
n− k − 1
k − 1− j
)
2n−2k+j;
Un; k = [ukzn]T (u; z)2 =
2
n− 2
(
n− 2
k
) k−1∑
j=0
(
n− 1
j
)(
n− k − 2
k − 1− j
)
2n−1−2k+j;
A table of values of En; k can be computed from the above expressions, see Table 1.
Another statistic we have investigated is the number of boundary edges in a NC-tree,
i.e., the number of edges of the form (i; i + 1) (for instance, there are 6 of them in
Fig. 1). This parameter can be analyzed by means of generating functions as before,
and after the corresponding computations one <nds that it has the same distribution as
the previous statistic. That is, the number Bn; k of NC-trees of size n with exactly k
boundary edges is given by Bn; k =En; k .
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Table 1
NC-trees with n vertices and k endpoints
n\k 2 3 4 5 6 7 8
2 1
3 3
4 8 4
5 20 30 5
6 48 144 75 6
7 112 560 595 154 7
8 256 1920 3440 1848 280 8
9 576 6048 16380 14994 4788 468 9
i
i*
1i+
Fig. 2. A NC-tree (solid lines) and its dual (dashed lines).
In view of this fact, it is natural to look for a direct combinatorial proof. The answer
comes from the construction of dual NC-trees introduced in [5]. Given a NC-tree T ,
its dual tree T ∗ is de<ned as follows. Between each pair of consecutive vertices i and
i + 1 add a new vertex i∗. Then i∗ and j∗ are adjacent if, and only if, the segment
(i∗; j∗) crosses a single edge of T (see Fig. 2 for an example, where for reasons of
readability some of the edges are not straight). It is easily checked that T ∗ is actually
a NC-tree and that (T ∗)∗ is equal to T rotated one unit, so that the correspondence
T→T ∗ is a bijection. It is also clear that (i; i + 1) is a boundary edge of T if, and
only if, i∗ is an end-point of T ∗. Hence we have proved the following:
Theorem 2. The number of NC-trees with n vertices and k end-points is equal to the
number of NC-trees with n vertices and k boundary edges.
3. Number of vertices of degree d
We shall be interested in asymptotic estimates for the mean and the variance of this
statistic. Therefore, we can replace our statistic by the number of non-root vertices
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of degree d. Let the variable u mark non-root vertices of degree d and, as before,
z marks vertices. Let T and Q be, respectively, the generating functions of NC-trees
and of planted NC-trees, i.e., NC-trees having root of degree 1. In the univariate case,
we have Q(z)=T (z)2 (indeed, a simple picture yields Q(z)= z(T (z)2=z). However,
in the bivariate case T (u; z)2 does not take into account those cases when we have a
vertex of degree d at the common root of the wings that form the (unique) butter9y
of the planted tree. This happens whenever the left and right wings consist of i and
d − i planted non-crossing trees, respectively, where i=0; 1; : : : ; d. Consequently, the
generating function of the planted non-crossing trees for which the endpoint of the
planting edge has degree d is (d+ 1)z2(Q=z)d and, therefore, the bivariate generating
functions T =T (u; z) and Q=Q(u; z) satisfy the relation
Q=T 2 + (d+ 1)(u− 1)z2
(
Q
z
)d
: (3)
Decomposing the set of all non-crossing trees into classes of trees having root of degree
i (i=0; 1; 2; : : :), we obtain T = z + Q + Q2=z + Q3=z2 + · · ·, leading to
T =
z2
z − Q : (4)
From relations (3) and (4) we obtain
Q=
z4
(z − Q)2 + (d+ 1)(u− 1)z
2
(
Q
z
)d
: (5)
We remark that after the substitution Q= zQ∗, the Lagrange inversion formula, ap-
plied to the Eqs. (4) and (5), yields the number [ukzn]T of non-crossing trees with
n vertices and k non-root vertices of degree d, but our interest here is mainly in
asymptotics.
Eliminating Q from (3) and (4), we obtain the equation satis<ed by the bivariate
generating function T (u; z):
z(T − z)=T 3 + (d+ 1)(u− 1)z2T
(
T − z
T
)d
: (6)
Consider the random variable Xn;d, equal to the number of non-root vertices of
degree d in a random non-crossing tree with n vertices (it is assumed that all the
non-crossing trees with n vertices are equiprobable). In order to compute the mean
and the variance of this random variable we need (@T=@u)u=1 and (@2T=@u2)u=1.
This can be done in principle by implicit di8erentiation but the computation of the
second-order derivative becomes too cumbersome. Instead, we apply the technique
described in Section 5 of [3] to obtain the asymptotic values of the mean and the
variance.
Let p(z; T; u)= 0 be the algebraic equation satis<ed by T (u; z), i.e.,
p(z; T; u) def= z(T − z)− T 3 − (d+ 1)(u− 1)z2T
(
T − z
T
)d
: (7)
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According to [3], we have to eliminate T from the equations p(z; T; u)= 0 and
@=@Tp(z; T; u)= 0. It is convenient to replace the second equation by the simpler con-
sequence of both equations:
(T − z + dz)p(z; T; u)− T (T − z) @
@T
p(z; T; u)= 0;
namely,
G(T; z) def= 2T 4 − (d+ 2)zT 3 + (d− 1)z2T − (d− 1)z3 = 0: (8)
The resultant of (7) and (8) has to be solved for z= (u) and the values (1), ′(1),
and ′′(1) have to be computed. We can <nd the resultant for any particular value of
d but it is not clear how to do it for an arbitrary d. Consequently, we consider the
inverse function u= −1(z). As was shown in [3], (1)= 427 , which is the smallest
positive singularity of T (z). When u=1 and z=4=27, Eq. (6) yields T = 29 . These
values are used below.
From (7) we have
u=F(T; z) def= 1 +
Td−1[z(T − z)− T 3]
(d+ 1)z2(T − z)d ; (9)
where T and z are related by Eq. (8). From (9), taking into account (8), we have
@u
@z
=H (T; z) def=
1
GT
(FzGT − FTGz);
@2u
@z2
=K(T; z) def=
1
GT
(HzGT − HTGz);
where subscripts denote partial di8erentiation. These expressions have been found by
using Maple (one full page for K) and their values at z=4=27, T =2=9 are
(
@u
@z
)
z=4=27
=− 3
d+5
16(d+ 1)
;
(
@2u
@z2
)
z=4=27
=
3d+7(4− 2d+ d2)
32(d+ 1)
:
Now, making use of zu=1=uz and zuu=−uzz=u3z , we obtain
′(1)=−2
4(d+ 1)
3d+5
; ′′(1)=
27(d+ 1)2(4− 2d+ d2)
32d+8
:
Following the method developed in [3] (see Theorem 5 and formulae (41)), a simple
computation yields the asymptotic values of the mean and the variance:
Theorem 3. Let d be a non-negative integer, and let Xn;d be the random variable
equal to the number of vertices of degree d in non-crossing trees with n vertices.
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Then
E(Xn;d)∼
(
4(d+ 1)
3d+2
)
n;
2(Xn;d)∼
(
4(d+ 1)(3d+3 − 8d3 + 8d2 − 4d− 20)
32d+5
)
n;
as n goes to in9nity.
Note that for d=0 we obtain the values E(Xn;0)∼ 4n=9, and V (Xn;0)∼ 28n=243, as
given in Table 5 of [3].
4. Maximum degree
Given a NC-tree T of size n, let Di be the degree of vertex i in T . Clearly,
16Di6n − 1 for i=1; : : : ; n. We are interested in the distribution of the Di, con-
sidered as random variables on the set of all NC-trees of size n. Because of symmetry
considerations, the Di are identically distributed and, according to [7], the distribution
is given by
Prob(Di = k)=T−1n
2k
3n− 3− k
(
3n− 3− k
n− 1− k
)
;
where
Tn=
1
2n− 1
(
3n− 3
n− 1
)
is the number of NC-trees of size n. (However, the Di are not independent since∑
i Di =2n − 2.) The <rst moments of Di were computed in [7], the mean being
E(Di)= 2(1− 1=n).
In this section, we analyze the maximum degree in a NC-tree, that is, the random
variable
n(T )= max{Di: 16i6n}:
The subscript is used to indicate the size of the trees. We have been unable to obtain
formulae for the exact distribution of n. However, we have been able to show that
the expected value of n is logarithmic and that n is strongly concentrated.
Theorem 4. Let n be the maximum degree of NC-trees of size n. Then, log3 denoting
logarithm in base 3,
E(n)∼ log3 n; as n→∞:
Moreover, for every c¿0 we have
lim
n→∞ Prob{|n − log3 n|6(1 + c) log3 log3 n}=1:
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Proof. The proof technique follows closely the proof of a similar result on the expected
maximum degree in triangulations of convex polygons [2].
The key point is the existence of a bijection between NC-trees with n edges and
ternary trees with n internal vertices. Given an NC-tree T on the vertex set {1; 2; : : : ;
n + 1} we construct a ternary tree as follows. Think of T as being rooted at 1 and
let i¿1 be the neighbor of 1 in T with largest index. Since T is acyclic, there must
be a j, 16j6i − 1, such that T decomposes into three edge-disjoint NC-trees, T1 on
the vertex set {1; : : : ; j}; T2 on {j + 1; : : : ; i}, and T3 on {i; i + 1; : : : ; n + 1}. They
are rooted, respectively, at 1; i and i, and some of them can be reduced to a single
vertex (for instance, in Fig. 1 we have i= z, T1 has 7 edges, T2 has 1 edge, and T3
has 2 edges). Iterating this process one obtains a recursive decomposition of T , which
corresponds in a unique way to a ternary tree with as many internal vertices as edges
in T , that is n.
We also need the well-known bijection between ternary trees with n internal ver-
tices and lattice-paths from (0; 0) to (n; 2n) where each step is of the form (1; 0) or
(0; 1), and that never cross the line y=2x (call them good paths). Traversing a ternary
tree in preorder and drawing a (1; 0) step for every internal vertex and a (0; 1) step
for every leaf (except the last one), one obtains a good path. Given a NC-tree T ,
let p(T ) be the associated good path obtained via the associated ternary tree. Now
we make two observations. They both follow easily from an analysis of the bijection
T→p(T ).
Observation 1. The degree of vertex 1 in T is equal to the number of (1; 0) steps at
the beginning of p(T ), i.e., the length of the 9rst horizontal run.
Observation 2. For each horizontal run of length k in p(T ) there exists a vertex in
T of degree at least k.
The following fact, whose proof can be found in [6, Chapter 1], is also needed.
Lemma 1. The number of good paths from (i; j) to (n; 2n) is equal to
2i − j + 1
3n− i − j + 1
(
3n− i − j + 1
n− i
)
:
We need now to bound Prob(n¿k) and Prob(n6k) from above for suitable values
of k. From Observation 1 it follows that the number of NC-trees with n edges in which
vertex 1 has degree ¿k is equal to the number of good paths from (k; 0) to (n; 2n).
By Lemma 1 this quantity is equal to
2k + 1
2n+ 1
(
3n− k
n− k
)
:
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Then we have
Prob(n¿k)6nProb(D1¿k)= n
(2k + 1)
(
3n− k
n− k
)/
(2n+ 1)
1
(
3n
n
)/
(2n+ 1)
6n(2k + 1)3−k ;
(10)
the <rst inequality because Prob(n¿k)=Prob(
⋃
i{Di¿k}). This quantity tends to 0
when k = log3 n+ c log3 log3 n, for every c¿1.
For the lower bound on n, think of a random NC-tree with n edges as a random
good path starting from (0; 0) and ending in (n; 2n), thus having 3n steps. If at step
m= i + j we are at point (i; j), then we take a step (1; 0) with probability
pm=
(n− i)(2i − j + 3)
(3n− i − j)(2i − j + 1) ;
the quotient between the number
2i − j + 3
3n− i − j
(
3n− i − j
n− i − 1
)
of continuations with step (1; 0), and the total number of continuations
2i − j + 1
3n− i − j + 1
(
3n− i − j + 1
n− i
)
:
Observe that for m¡n
pm¿
n− m
3n− m =
1
3
(
1− 2m
3n− m
)
:
Now we use the fact that, by Observation 2, n6k implies that all the horizontal runs
have length at most k. Dividing the m <rst steps of a random path into m=k segments
of length k, one gets
Prob(6k)6
(
1− 3−k
(
1− 2m
3n− m
)k)m=k
6 exp
(
−m
k
3−k
(
1− km
2n− m
))
: (11)
The last quantity goes to 0 when m= n=k and k = log3 n− c log3 log3 n; c¿1.
Combining (10) and (11) we get that
Prob(|n − log3 n|¡c log3 log3 n)→ 1; as n→∞
and this proves the theorem.
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5. Height and path length
The height of a rooted tree is the maximum distance between the root and all the
leaves, and the path length is the sum of the levels of all the vertices. Both parameters
have been widely studied for binary trees and for other families of rooted trees; in this
section we investigate them for NC-trees.
Height. The behavior of the height has been much studied for several families of
rooted trees. For instance, it is known that the expected height of binary trees with
n internal vertices is asymptotically 2
√
%n, and for plane trees with n vertices it is
∼√%n (see [9]). Both results are generalized in the following theorem of Flajolet and
Odlyzko [4]. A family of rooted trees is simple if its generating function T (z) can
be written as T (z)= z&(T (z)), where &(t) is a certain function of t. Then we have
from [4]:
Lemma 2. Consider a simple family of trees corresponding to the equation
T (z)= z&(T (z));
where &(y)=
∑
n¿0 cry
r and assume there exists a constant M such that cr¡M for
all r¿0. Then the average height Hn of trees with n vertices satis9es
Hn∼ *
√
n; *=
√
2%=(&(+)&′′(+))&′(+);
where + is the smallest positive solution of
&(+)− +&′(+)= 0:
In order to apply the previous result, we de<ne a height-preserving bijection between
the family of NC-trees and a simple family of trees that satis<es Lemma 2. De<ne an
even tree as a plane (ordered) tree in which all the vertices have even degree. If we
let E(z) denote the GF of even trees, then clearly
E(z)= z(1 + E(z)2 + E(z)4 + · · ·)= z 1
1− E(z)2 ;
where the term E2r corresponds to even trees having root degree equal to 2r. Applying
the previous lemma with &(t)= 1=(1 − t2), we get +=1=√3 and *=√6%=3, so that
the expected height of even trees with n vertices is ∼√6%n=3.
Let T be a NC-tree and let d be the degree of the root. Let (T1; T ′1 ); : : : ; (Td; T
′
d )
be the sequence of butter9ies attached to the root, where the Ti are the left subtrees
and the T ′i are the right subtrees, and Ti and T
′
i have a common root. We de<ne an
even tree e(T ) associated to T as follows: the root of e(T ) has degree 2d, and the
ordered sequence of subtrees hanging from the root of e(T ) are de<ned recursively as
e(T1); e(T ′1 ); : : : ; e(Td); e(T
′
d ). An example is shown in Fig. 3, where the labeling of the
vertices of e(T ) illustrates the recursive construction.
The correspondence T→ e(T ) is clearly a bijection between NC-trees of size n and
even trees with 2n − 1 vertices and, moreover, the height of e(T ) is the same as the
height of T . According to the previous discussion we conclude the following:
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Fig. 3. A NC-tree T and the corresponding even tree e(T ).
Table 2
NC-trees with n vertices and height k
n\k 1 2 3 4 5 6 7 8
2 1
3 1 2
4 1 7 4
5 1 20 26 8
6 1 54 126 76 16
7 1 143 548 504 200 32
8 1 376 2259 2900 1656 496 64
9 1 1986 9034 15506 11528 4896 1184 128
Theorem 5. The expected height of NC-trees with n vertices is asymptotically
∼ 23
√
3%n.
Note. A di8erent use of the bijection described above is made in [1].
If we want to compute the number of NC-trees of size n with height equal to k, we
can proceed as follows. Let Tk(z) be the GF of NC-trees with height at most k. The
2d subtrees attached to the root of such a tree have height at most k − 1, hence
Tk(z)=
z
1− Tk−1(z)2=z ; T0(z)= z:
Iterating the above equation, one can see that the Tk(z) take a form resembling a
continued fraction but with the terms squared. The GF of NC-trees with height exactly
k is clearly Tk(z)− Tk−1(z), and with the help of Maple we can produce the values in
Table 2.
Path length. For technical reasons, it is easier in this section to de<ne the size of
a tree as the number of edges (which is one less than the number of vertices). Let T
be a NC-tree, and write |T | for the size, and %(T ) for the path-length. If T1; T2; : : : ; T2d
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Table 3
NC-trees with n vertices and path length k
n\k 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
2 1
3 1 2
4 1 4 3 4
5 1 6 10 12 12 6 8
6 1 8 21 32 45 36 46 32 24 12 16
are the 2d NC-trees rooted at the vertices adjacent to the root of T , then
|T |= |T1|+ |T2|+ · · ·+ |T2d|+ d;
%(T )= %(T1) + %(T2) + · · ·+ %(T2d) + |T |:
It follows easily that the GF P(u; z)=
∑
T u
%(T )z|T |, where the sum is over all NC-trees,
satis<es
P(u; z)=
1
1− uzP(u; uz)2 : (12)
Iterating the above equation, P(u; z) resembles again a continued fraction with the terms
squared. A table of values can be computed with the help of Maple (see Table 3).
Finally, we proceed to compute the average path length.
Theorem 6. The average path length of NC-trees with n edges is given by
1
n
∑n−1
i=0 2
n−2−i(n− i)(3n− 3i − 1)
(
3n
i
)
tn
where tn=(3nn )=(2n+ 1) is the total number of NC-trees with n edges. Furthermore,
it is asymptotically ∼ n√%n=3.
Proof. Denote by P(z) the cumulative GF for path length, which is given by the
derivative @P(u; z)=@u at u=1 and let T (z)=P(1; z) be the univariate GF (where z
now marks edges). The average path length is then [zn]P(z)=[zn]T (z).
Because of the bijection between NC-trees with n edges and ternary trees with n
internal nodes, the function T (z) satis<es
T (z)= 1 + zT (z)3: (13)
After di8erentiating (12) with respect to u and simplifying using (13) we obtain
P(z)=
@P(u; z)
@u
∣∣∣∣
u=1
=
T (z)(T (z)− 1)
(3− 2T (z))2 :
Applying Lagrange inversion to the last expression and after some simpli<cation we
obtain the formula claimed.
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For the asymptotic estimate, we start with the expansion of T (z) in fractional powers
(see Section 4 of [3]), computed using the ‘gfun’ maple package [8]:
T (z)=
3
2
−
√
3
2
(1− z=)1=2 + O(1− z=);
where = 427 is the dominant singularity. Then (3−2T (z))2 = 3(1−z=)+O((1−z=)3=2)
and
P(z)= 14 (1− z)−1 + O((1− z=)−1=2):
By singularity analysis (see again [3]) we deduce the estimate
[zn]P(z)∼ 14 (27=4)n:
Since
tn= [zn]T (z)∼
√
3
4n
√
%n
(27=4)n
(again by singularity analysis or, in this case, directly by Stirling’s approximation) we
get the result.
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